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Example: For the planar 2 DOF RR robotic arm, calculate the

acceleration of each link and that of the end-effector as a

function of the joint accelerations?
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1
0T =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
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0
0
0
1

→ 1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1T =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1
0 0 0

𝐿1
0
0
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→ 2
1𝑅 =
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3
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0
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1 0 0
0 1 0
0 0 1

Link Acceleration



Introduction to Robotics
Dr. Firas Jarrar  | 2020

www.firasjarrar.com
YouTube: Dr. Firas Jarrar

1
0T =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1
0 0 0

0
0
0
1

→
0𝑃1 =

0
0
0

2
1T =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1
0 0 0

𝐿1
0
0
1

→
1𝑃2 =

𝐿1
0
0

3
2T =

1 0 0
0 1 0
0 0 1
0 0 0

𝐿2
0
0
1

→
2𝑃3 =

𝐿2
0
0
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If joint (𝑖 + 1) is a revolute joint :

𝑖+1𝑣𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖

𝑖𝑃𝑖+1

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

Link (𝑖)
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For 𝒊 = 𝟎;

1𝜔1 = 0
1𝑅 0𝜔0 +

0
0
ሶ𝜃1

1𝜔1 =
𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

𝑇 0
0
0

+
0
0
ሶ𝜃1

=
0
0
ሶ𝜃1

1𝛼1 = 0
1𝑅 0𝛼0 + 𝑆(1𝜔1)

0
0
ሶ𝜃1

+
0
0
ሷ𝜃1

1𝛼1 =
𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

𝑇 0
0
0

+
0 − ሶ𝜃1 0
ሶ𝜃1 0 0
0 0 0

0
0
ሶ𝜃1

+
0
0
ሷ𝜃1

=
0
0
ሷ𝜃1

1𝑎1 = 0
1𝑅 0𝑎0 + 𝑆(0𝛼0)

0𝑃1 + 𝑆(0𝜔0) 𝑆(0𝜔0)
0𝑃1

1𝑎1

=
𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

𝑇 0
0
0

+
0 0 0
0 0 0
0 0 0

0
0
0

+
0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0
0
0

1𝑎1 =
0
0
0

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

Link Acceleration
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For 𝒊 = 𝟏;

2𝜔2 = 1
2𝑅 1𝜔1 +

0
0
ሶ𝜃2

2𝜔2 =
𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

𝑇 0
0
ሶ𝜃1

+
0
0
ሶ𝜃2

2𝜔2 = −
𝑐2 𝑠2 0
𝑠2 𝑐2 0
0 0 1

0
0
ሶ𝜃1

+
0
0
ሶ𝜃2

=
0
0

ሶ𝜃1 + ሶ𝜃2

2𝛼2 = 1
2𝑅 1𝛼1 + 𝑆(2𝜔2)

0
0
ሶ𝜃2

+
0
0
ሷ𝜃2

2𝛼2 = −
𝑐2 𝑠2 0
𝑠2 𝑐2 0
0 0 1

0
0
ሷ𝜃1

+

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

0
0
ሶ𝜃2

+
0
0
ሷ𝜃2

2𝛼2 =
0
0
ሷ𝜃1

+
0
0
0

+
0
0
ሷ𝜃2

=
0
0

ሷ𝜃1 + ሷ𝜃2

Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝜔1 =
0
0
ሶ𝜃1

and     1𝛼1 =
0
0
ሷ𝜃1

and    1𝑎1 =
0
0
0
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Continue for 𝒊 = 𝟏;
2𝑎2 = 1

2𝑅 1𝑎1 + 𝑆(1𝛼1)
1𝑃2 + 𝑆(1𝜔1) 𝑆(1𝜔1)

1𝑃2

2𝑎2

=
𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

𝑇

ቌ

ቍ

0
0
0

+
0 − ሷ𝜃1 0
ሷ𝜃1 0 0
0 0 0

𝐿1
0
0

+
0 − ሶ𝜃1 0
ሶ𝜃1 0 0
0 0 0

0 − ሶ𝜃1 0
ሶ𝜃1 0 0
0 0 0

𝐿1
0
0

2𝑎2 = −
𝑐2 𝑠2 0
𝑠2 𝑐2 0
0 0 1

0
𝐿1 ሷ𝜃1
0

+
0 − ሶ𝜃1 0
ሶ𝜃1 0 0
0 0 0

0
𝐿1 ሶ𝜃1
0

2𝑎2 = −
𝑐2 𝑠2 0
𝑠2 𝑐2 0
0 0 1

0
𝐿1 ሷ𝜃1
0

+
−𝐿1 ሶ𝜃1

2

0
0

= −
𝑐2 𝑠2 0
𝑠2 𝑐2 0
0 0 1

−𝐿1 ሶ𝜃1
2

𝐿1 ሷ𝜃1
0

2𝑎2 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝜔1 =
0
0
ሶ𝜃1

, 1𝛼1 =
0
0
ሷ𝜃1

, 1𝑎1 =
0
0
0

, 2𝜔2 =
0
0

ሶ𝜃1 + ሶ𝜃2

, 2𝛼2 =
0
0

ሷ𝜃1 + ሷ𝜃2
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For 𝒊 = 𝟐 ∶
3𝜔3 = 2

3𝑅 2𝜔2

3𝜔3 =
1 0 0
0 1 0
0 0 1

𝑇 0
0

ሶ𝜃1 + ሶ𝜃2

3𝜔3 =
0
0

ሶ𝜃1 + ሶ𝜃2

3𝛼3 = 2
3𝑅 2𝛼2

3𝛼3 =
1 0 0
0 1 0
0 0 1

𝑇 0
0

ሷ𝜃1 + ሷ𝜃2

3𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2

Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝜔1 =
0
0
ሶ𝜃1

,  1𝛼1 =
0
0
ሷ𝜃1

,  1𝑎1 =
0
0
0

2𝜔2 =
0
0

ሶ𝜃1 + ሶ𝜃2

, 2𝛼2 =
0
0

ሷ𝜃1 + ሷ𝜃2

, 2𝑎2 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0
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Continue for 𝒊 = 𝟐;

3𝑎3 = 2
3𝑅 2𝑎2 + 𝑆(2𝛼2)

2𝑃3 + 𝑆(2𝜔2) 𝑆(2𝜔2)
2𝑃3

3𝑎3

=
1 0 0
0 1 0
0 0 1

𝑇

൮

൲

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

+

0 − ሷ𝜃1 + ሷ𝜃2 0

ሷ𝜃1 + ሷ𝜃2 0 0

0 0 0

𝐿2
0
0

+

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

𝐿2
0
0

Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝜔1 =
0
0
ሶ𝜃1

,  1𝛼1 =
0
0
ሷ𝜃1

,  1𝑎1 =
0
0
0

, 2𝜔2 =
0
0

ሶ𝜃1 + ሶ𝜃2

,  2𝛼2 =
0
0

ሷ𝜃1 + ሷ𝜃2

, 

2𝑎2 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

, 3𝜔3 =
0
0

ሶ𝜃1 + ሶ𝜃2

, 3𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2
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3𝑎3

=
1 0 0
0 1 0
0 0 1

𝑇

൮

൲

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

+

0 − ሷ𝜃1 + ሷ𝜃2 0

ሷ𝜃1 + ሷ𝜃2 0 0

0 0 0

𝐿2
0
0

+

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

𝐿2
0
0

3𝑎3

=

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

+
0

𝐿2 ሷ𝜃1 + ሷ𝜃2
0

+

0 − ሶ𝜃1 + ሶ𝜃2 0

ሶ𝜃1 + ሶ𝜃2 0 0

0 0 0

0
𝐿2 ሶ𝜃1 + ሶ𝜃2

0

3𝑎3 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1 − 𝐿2 ሶ𝜃1 + ሶ𝜃2

2

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1 + 𝐿2 ሷ𝜃1 + ሷ𝜃2

0

Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝜔1 =
0
0
ሶ𝜃1

,  1𝛼1 =
0
0
ሷ𝜃1

,  1𝑎1 =
0
0
0

, 2𝜔2 =
0
0

ሶ𝜃1 + ሶ𝜃2

,  2𝛼2 =
0
0

ሷ𝜃1 + ሷ𝜃2

, 

2𝑎2 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

, 3𝜔3 =
0
0

ሶ𝜃1 + ሶ𝜃2

, 3𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2
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Link Acceleration

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝑎𝑖+1

= 𝑖
𝑖+1𝑅 𝑖𝑎𝑖 + 𝑆(𝑖𝛼𝑖)

𝑖𝑃𝑖+1 + 𝑆(𝑖𝜔𝑖) 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

𝑖+1𝛼𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝛼𝑖 + 𝑆(𝑖+1𝜔𝑖+1)

𝑖+1 0
0
ሶ𝜃𝑖+1

+

𝑖+1 0
0
ሷ𝜃𝑖+1

𝑆(𝑎 =

0 −𝑎𝑧 𝑎𝑦
𝑎𝑧 0 −𝑎𝑥
−𝑎𝑦 𝑎𝑥 0

1
0𝑅 =

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

2
1𝑅 =

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

3
2𝑅 =

1 0 0
0 1 0
0 0 1

0𝑃1 =
0
0
0

;   1𝑃2 =
𝐿1
0
0

;   2𝑃3 =
𝐿2
0
0

1𝛼1 =
0
0
ሷ𝜃1

1𝑎1 =
0
0
0

2𝛼2 =
0
0

ሷ𝜃1 + ሷ𝜃2

2𝑎2 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1

0

3𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2

3𝑎3 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1 − 𝐿2 ሶ𝜃1 + ሶ𝜃2

2

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1 + 𝐿2 ሷ𝜃1 + ሷ𝜃2

0
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3𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2

3
0𝑅 =

𝑐12 −𝑠12 0
𝑠12 𝑐12 0
0 0 1

0𝛼3 =
𝑐12 −𝑠12 0
𝑠12 𝑐12 0
0 0 1

0
0

ሷ𝜃1 + ሷ𝜃2

0𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2
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3𝑎3 =

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1 − 𝐿2 ሶ𝜃1 + ሶ𝜃2

2

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1 + 𝐿2 ሷ𝜃1 + ሷ𝜃2

0

3
0𝑅 =

𝑐12 −𝑠12 0
𝑠12 𝑐12 0
0 0 1

0𝑎3 =
𝑐12 −𝑠12 0
𝑠12 𝑐12 0
0 0 1

−𝑐2𝐿1 ሶ𝜃1
2
+ 𝑠2𝐿1 ሷ𝜃1 − 𝐿2 ሶ𝜃1 + ሶ𝜃2

2

𝑠2𝐿1 ሶ𝜃1
2
+ 𝑐2𝐿1 ሷ𝜃1 + 𝐿2 ሷ𝜃1 + ሷ𝜃2

0

0𝑎3 =

−𝒄𝟏𝟐𝒄𝟐𝑳𝟏 ሶ𝜽𝟏
𝟐
+ 𝒄𝟏𝟐𝒔𝟐𝑳𝟏 ሷ𝜽𝟏 − 𝑐12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
− 𝒔𝟏𝟐𝒔𝟐𝑳𝟏 ሶ𝜽𝟏

𝟐
− 𝒔𝟏𝟐𝒄𝟐𝑳𝟏 ሷ𝜽𝟏 − 𝑠12𝐿2 ሷ𝜃1 + ሷ𝜃2

−𝒔𝟏𝟐𝒄𝟐𝑳𝟏 ሶ𝜽𝟏
𝟐
+ 𝒔𝟏𝟐𝒔𝟐𝑳𝟏 ሷ𝜽𝟏 − 𝑠12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
+ 𝒄𝟏𝟐𝒔𝟐𝑳𝟏 ሶ𝜽𝟏

𝟐
+ 𝒄𝟏𝟐𝒄𝟐𝑳𝟏 ሷ𝜽𝟏 + 𝑐12𝐿2 ሷ𝜃1 + ሷ𝜃2

0

0𝑎3 =

− 𝒄𝟏𝟐𝒄𝟐 + 𝒔𝟏𝟐𝒔𝟐 𝑳𝟏 ሶ𝜽𝟏
𝟐
− 𝒔𝟏𝟐𝒄𝟐 − 𝒄𝟏𝟐𝒔𝟐 𝑳𝟏 ሷ𝜽𝟏 − 𝑐12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
− 𝑠12𝐿2 ሷ𝜃1 + ሷ𝜃2

− 𝒔𝟏𝟐𝒄𝟐 − 𝒄𝟏𝟐𝒔𝟐 𝑳𝟏 ሶ𝜽𝟏
𝟐
+ 𝒄𝟏𝟐𝒄𝟐 + 𝒔𝟏𝟐𝒔𝟐 𝑳𝟏 ሷ𝜽𝟏 − 𝑠12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
+ 𝑐12𝐿2 ሷ𝜃1 + ሷ𝜃2

0
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0𝑎3 =

− 𝑐12𝑐2 + 𝑠12𝑠2 𝐿1 ሶ𝜃1
2
− 𝑠12𝑐2 − 𝑐12𝑠2 𝐿1 ሷ𝜃1 − 𝑐12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
− 𝑠12𝐿2 ሷ𝜃1 + ሷ𝜃2

− 𝑠12𝑐2 − 𝑐12𝑠2 𝐿1 ሶ𝜃1
2
+ 𝑐12𝑐2 + 𝑠12𝑠2 𝐿1 ሷ𝜃1 − 𝑠12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
+ 𝑐12𝐿2 ሷ𝜃1 + ሷ𝜃2

0

0𝑎3 =

−𝑐1𝐿1 ሶ𝜃1
2
− 𝑠1𝐿1 ሷ𝜃1 − 𝑐12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
− 𝑠12𝐿2 ሷ𝜃1 + ሷ𝜃2

−𝑠1𝐿1 ሶ𝜃1
2
+ 𝑐1𝐿1 ሷ𝜃1 − 𝑠12𝐿2 ሶ𝜃1 + ሶ𝜃2

2
+ 𝑐12𝐿2 ሷ𝜃1 + ሷ𝜃2

0

0𝑎3 =

−𝑐1𝐿1 ሶ𝜃1
2
− 𝑠1𝐿1 ሷ𝜃1 − 𝑐12𝐿2 ሶ𝜃1

2
− 2𝑐12𝐿2 ሶ𝜃1 ሶ𝜃2 − 𝑐12𝐿2 ሶ𝜃2

2
− 𝑠12𝐿2 ሷ𝜃1 − 𝑠12𝐿2 ሷ𝜃2

−𝑠1𝐿1 ሶ𝜃1
2
+ 𝑐1𝐿1 ሷ𝜃1 − 𝑠12𝐿2 ሶ𝜃1

2
− 2𝑠12𝐿2 ሶ𝜃1 ሶ𝜃2 − 𝑠12𝐿2 ሶ𝜃2

2
+ 𝑐12𝐿2 ሷ𝜃1 + 𝑐12𝐿2 ሷ𝜃2

0

0𝑎3 =

−𝒄𝟏𝑳𝟏 ሶ𝜽𝟏
𝟐
− 𝒔𝟏𝑳𝟏 ሷ𝜽𝟏 − 𝒄𝟏𝟐𝑳𝟐 ሶ𝜽𝟏

𝟐
− 2𝑐12𝐿2 ሶ𝜃1 ሶ𝜃2 − 𝒄𝟏𝟐𝑳𝟐 ሶ𝜽𝟐

𝟐
− 𝒔𝟏𝟐𝑳𝟐 ሷ𝜽𝟏 − 𝒔𝟏𝟐𝑳𝟐 ሷ𝜽𝟐

−𝒔𝟏𝑳𝟏 ሶ𝜽𝟏
𝟐
+ 𝒄𝟏𝑳𝟏 ሷ𝜽𝟏 − 𝒔𝟏𝟐𝑳𝟐 ሶ𝜽𝟏

𝟐
− 2𝑠12𝐿2 ሶ𝜃1 ሶ𝜃2 − 𝒔𝟏𝟐𝑳𝟐 ሶ𝜽𝟐

𝟐
+ 𝒄𝟏𝟐𝑳𝟐 ሷ𝜽𝟏 + 𝒄𝟏𝟐𝑳𝟐 ሷ𝜽𝟐

0

0𝑎3 =
− 𝒄𝟏𝑳𝟏 + 𝒄𝟏𝟐𝑳𝟐
− 𝒔𝟏𝑳𝟏 + 𝒔𝟏𝟐𝑳𝟐

𝟎

−𝒄𝟏𝟐𝑳𝟐
−𝒔𝟏𝟐𝑳𝟐

𝟎

ሶ𝜃1
2

ሶ𝜃2
2 +

− 𝒔𝟏𝑳𝟏 + 𝒔𝟏𝟐𝑳𝟐
𝒄𝟏𝑳𝟏 + 𝒄𝟏𝟐𝑳𝟐

𝟎

−𝒔𝟏𝟐𝑳𝟐
𝒄𝟏𝟐𝑳𝟐
𝟎

ሷ𝜃1
ሷ𝜃2
+

−2𝑐12𝐿2
−2𝑠12𝐿2

0

ሶ𝜃1 ሶ𝜃2

Trigonometric Identities:
cos 𝑎 + 𝑏 = 𝑐a𝑏 = 𝑐a𝑐𝑏 − 𝑠a𝑠𝑏
cos 𝑎 − 𝑏 = 𝑐a𝑐𝑏 + 𝑠a𝑠𝑏
sin 𝑎 + 𝑏 = 𝑠a𝑏 = 𝑠a𝑐𝑏 + 𝑐a𝑠𝑏
sin 𝑎 − 𝑏 = 𝑠a𝑐𝑏 − 𝑐a𝑠𝑏
𝑠𝑎

2 + 𝑐𝑎
2 = 1
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Summary:

0𝛼3 =
0
0

ሷ𝜃1 + ሷ𝜃2

0𝑎3 =
− 𝑐1𝐿1 + 𝑐12𝐿2
− 𝑠1𝐿1 + 𝑠12𝐿2

0

−𝑐12𝐿2
−𝑠12𝐿2

0

ሶ𝜃1
2

ሶ𝜃2
2 +

− 𝑠1𝐿1 + 𝑠12𝐿2
𝑐1𝐿1 + 𝑐12𝐿2

0

−𝑠12𝐿2
𝑐12𝐿2
0

ሷ𝜃1
ሷ𝜃2

+
−2𝑐12𝐿2
−2𝑠12𝐿2

0

ሶ𝜃1 ሶ𝜃2
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Another approach: (You can use this to double check!)
From the Jacobian Lecture:

0 ሶ𝑥3
ሶ𝑦3

=
−(𝐿1𝑠1 + 𝐿2𝑠12) −𝐿2𝑠12
(𝐿1𝑐1 + 𝐿2𝑐12) 𝐿2𝑐12

ሶ𝜃1
ሶ𝜃2

0 ሷ𝑥3
ሷ𝑦3

=
−(𝐿1𝑐1 ሶ𝜃1 + 𝐿2𝑐12 ሶ𝜃1 + ሶ𝜃2 ) −𝐿2𝑐12 ሶ𝜃1 + ሶ𝜃2

−(𝐿1𝑠1 ሶ𝜃1 + 𝐿2𝑠12 ሶ𝜃1 + ሶ𝜃2 ) −𝐿2𝑠12 ሶ𝜃1 + ሶ𝜃2

ሶ𝜃1
ሶ𝜃2

+
−(𝐿1𝑠1 + 𝐿2𝑠12) −𝐿2𝑠12
(𝐿1𝑐1 + 𝐿2𝑐12) 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2

0 ሷ𝑥3
ሷ𝑦3

=
−(𝐿1𝑐1 ሶ𝜃1

2
+ 𝐿2𝑐12 ሶ𝜃1

2
+ ሶ𝜃1 ሶ𝜃2 ) − 𝐿2𝑐12 ሶ𝜃1 ሶ𝜃2 + ሶ𝜃2

2

−(𝐿1𝑠1 ሶ𝜃1
2
+ 𝐿2𝑠12 ሶ𝜃1

2
+ ሶ𝜃1 ሶ𝜃2 ) − 𝐿2𝑠12 ሶ𝜃1 ሶ𝜃2 + ሶ𝜃2

2

+
−(𝐿1𝑠1 + 𝐿2𝑠12) −𝐿2𝑠12
(𝐿1𝑐1 + 𝐿2𝑐12) 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2
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0 ሷ𝑥3
ሷ𝑦3

=
−(𝐿1𝑐1 ሶ𝜃1

2
+ 𝐿2𝑐12 ሶ𝜃1

2
+ ሶ𝜃1 ሶ𝜃2 ) − 𝐿2𝑐12 ሶ𝜃1 ሶ𝜃2 + ሶ𝜃2

2

−(𝐿1𝑠1 ሶ𝜃1
2
+ 𝐿2𝑠12 ሶ𝜃1

2
+ ሶ𝜃1 ሶ𝜃2 ) − 𝐿2𝑠12 ሶ𝜃1 ሶ𝜃2 + ሶ𝜃2

2

+
−(𝐿1𝑠1 + 𝐿2𝑠12) −𝐿2𝑠12
(𝐿1𝑐1 + 𝐿2𝑐12) 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2

0 ሷ𝑥3
ሷ𝑦3

=
− 𝐿1𝑐1 + 𝐿2𝑐12 ሶ𝜃1

2
− 2𝐿2𝑐12 ሶ𝜃1 ሶ𝜃2 − 𝐿2𝑐12 ሶ𝜃2

2

− 𝐿1𝑠1 + 𝐿2𝑠12 ሶ𝜃1
2
− 2𝐿2𝑠12 ሶ𝜃1 ሶ𝜃2 − 𝐿2𝑠12 ሶ𝜃2

2

+
−(𝐿1𝑠1 + 𝐿2𝑠12) −𝐿2𝑠12
(𝐿1𝑐1 + 𝐿2𝑐12) 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2

0 ሷ𝑥3
ሷ𝑦3

=
− 𝐿1𝑐1 + 𝐿2𝑐12 −𝐿2𝑐12
− 𝐿1𝑠1 + 𝐿2𝑠12 −𝐿2𝑠12

ሶ𝜃1
2

ሶ𝜃2
2 +

−2𝐿2𝑐12
−2𝐿2𝑠12

ሶ𝜃1 ሶ𝜃2

+
− 𝐿1𝑠1 + 𝐿2𝑠12 −𝐿2𝑠12
𝐿1𝑐1 + 𝐿2𝑐12 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2
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Example: For the planar 2 DOF RR robotic arm, calculate the

acceleration of each link and that of the end-effector as a

function of the joint accelerations? Use vector notations.

Ԧ𝑎2
= Ԧ𝑎1 + Ԧ𝛼1 × Ԧ𝑟2/1 + 𝜔1 × 𝜔1 × Ԧ𝑟2/1 + 2𝜔1 × Ԧ𝑣2/1 𝑥𝑦𝑧

+ Ԧ𝑎2/1 𝑥𝑦𝑧

Ԧ𝑎2 = Ԧ𝛼1 × Ԧ𝑟2/1 − 𝜔1
2 Ԧ𝑟2/1

Ԧ𝑎2 = 𝛼1 ෠𝑘 × 𝐿1𝑐1 Ƹ𝑖 + 𝐿1𝑠1 Ƹ𝑗 − 𝜔1
2 𝐿1𝑐1 Ƹ𝑖 + 𝐿1𝑠1 Ƹ𝑗

Ԧ𝑎2 = 𝛼1𝐿1𝑐1 Ƹ𝑗 − 𝛼1𝐿1𝑠1 Ƹ𝑖 − 𝜔1
2𝐿1𝑐1 Ƹ𝑖 − 𝜔1

2𝐿1𝑠1 Ƹ𝑗

Ԧ𝑎2 = − 𝛼1𝐿1𝑠1 + 𝜔1
2𝐿1𝑐1 Ƹ𝑖 + 𝛼1𝐿1𝑐1 − 𝜔1

2𝐿1𝑠1 Ƹ𝑗

Link Acceleration

𝒀

𝒚

𝑿

𝒙

𝑶𝟑

𝜽𝟏

𝜽𝟐
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Ԧ𝑎2 = − 𝛼1𝐿1𝑠1 + 𝜔1
2𝐿1𝑐1 Ƹ𝑖 + 𝛼1𝐿1𝑐1 − 𝜔1

2𝐿1𝑠1 Ƹ𝑗

Ԧ𝑎3 = Ԧ𝑎2 + Ԧ𝛼2 × Ԧ𝑟3/2 − 𝜔2
2 Ԧ𝑟3/2

Ԧ𝑎3
= − 𝛼1𝐿1𝑠1 + 𝜔1

2𝐿1𝑐1 Ƹ𝑖 + 𝛼1𝐿1𝑐1 − 𝜔1
2𝐿1𝑠1 Ƹ𝑗

+ 𝛼2 ෠𝑘 × 𝐿2𝑐12 Ƹ𝑖 + 𝐿2𝑠12 Ƹ𝑗 − 𝜔2
2 𝐿2𝑐12 Ƹ𝑖 + 𝐿2𝑠12 Ƹ𝑗

Ԧ𝑎3
= − 𝛼1𝐿1𝑠1 + 𝜔1

2𝐿1𝑐1 Ƹ𝑖 + 𝛼1𝐿1𝑐1 − 𝜔1
2𝐿1𝑠1 Ƹ𝑗

+ 𝛼2𝐿2𝑐12 Ƹ𝑗 − 𝛼2𝐿2𝑠12 Ƹ𝑖 − 𝜔2
2𝐿2𝑐12 Ƹ𝑖 − 𝜔2

2𝐿2𝑠12 Ƹ𝑗

Ԧ𝑎3
= − 𝛼1𝐿1𝑠1 + 𝛼2𝐿2𝑠12 + 𝜔1

2𝐿1𝑐1 + 𝜔2
2𝐿2𝑐12 Ƹ𝑖

+ 𝛼1𝐿1𝑐1 + 𝛼2𝐿2𝑐12 − 𝜔1
2𝐿1𝑠1 − 𝜔2

2𝐿2𝑠12 Ƹ𝑗

Link Acceleration

𝒀

𝒚

𝑿

𝒙

𝑶𝟑

𝜽𝟏

𝜽𝟐

𝑶𝟐
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Ԧ𝑎3
= − 𝛼1𝐿1𝑠1 + 𝛼2𝐿2𝑠12 + 𝜔1

2𝐿1𝑐1 + 𝜔2
2𝐿2𝑐12 Ƹ𝑖

+ 𝛼1𝐿1𝑐1 + 𝛼2𝐿2𝑐12 − 𝜔1
2𝐿1𝑠1 − 𝜔2

2𝐿2𝑠12 Ƹ𝑗

Substitute for :  𝜔1 = ሶ𝜃1 , 𝜔2 = ሶ𝜃1 + ሶ𝜃2 , 𝛼1 = ሷ𝜃1 , 𝛼2 = ሷ𝜃1 + ሷ𝜃2

Ԧ𝑎3

= − ሷ𝜃1𝐿1𝑠1 + ሷ𝜃1 + ሷ𝜃2 𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + ሶ𝜃1 + ሶ𝜃2

2
𝐿2𝑐12 Ƹ𝑖

+ ሷ𝜃1𝐿1𝑐1 + ሷ𝜃1 + ሷ𝜃2 𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 − ሶ𝜃1 + ሶ𝜃2

2
𝐿2𝑠12 Ƹ𝑗

Ԧ𝑎3

= − ሷ𝜃1𝐿1𝑠1 + ሷ𝜃1𝐿2𝑠12 + ሷ𝜃2𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + ሶ𝜃1

2
𝐿2𝑐12 + 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 + ሶ𝜃2

2
𝐿2𝑐12 Ƹ𝑖

+ ሷ𝜃1𝐿1𝑐1 + ሷ𝜃1𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 − ሶ𝜃1

2
𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12 Ƹ𝑗

Ԧ𝑎3

= − ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 + ሷ𝜃2𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + 𝐿2𝑐12 + 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 + ሶ𝜃2

2
𝐿2𝑐12 Ƹ𝑖

+ ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12 Ƹ𝑗

Link Acceleration
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Ԧ𝑎3

= − ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 + ሷ𝜃2𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + 𝐿2𝑐12 + 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 + ሶ𝜃2

2
𝐿2𝑐12 Ƹ𝑖

+ ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12 Ƹ𝑗

𝑎3 𝑥 Ƹ𝑖 + 𝑎3 𝑦 Ƹ𝑗

= − ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 + ሷ𝜃2𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + 𝐿2𝑐12 + 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 + ሶ𝜃2

2
𝐿2𝑐12 Ƹ𝑖

+ ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12 Ƹ𝑗

𝑎3 𝑥 = − ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 + ሷ𝜃2𝐿2𝑠12 + ሶ𝜃1
2
𝐿1𝑐1 + 𝐿2𝑐12 + 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 + ሶ𝜃2

2
𝐿2𝑐12

𝑎3 𝑦 = ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12

In matrix form:

𝑎3 𝑥

𝑎3 𝑦
=

− ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 − ሷ𝜃2𝐿2𝑠12 − ሶ𝜃1
2
𝐿1𝑐1 + 𝐿2𝑐12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 − ሶ𝜃2

2
𝐿2𝑐12

ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12

Link Acceleration
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𝑎3 𝑥

𝑎3 𝑦

=
− ሷ𝜃1 𝐿1𝑠1 + 𝐿2𝑠12 − ሷ𝜃2𝐿2𝑠12 − ሶ𝜃1

2
𝐿1𝑐1 + 𝐿2𝑐12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑐12 − ሶ𝜃2

2
𝐿2𝑐12

ሷ𝜃1 𝐿1𝑐1 + 𝐿2𝑐12 + ሷ𝜃2𝐿2𝑐12 − ሶ𝜃1
2
𝐿1𝑠1 + 𝐿2𝑠12 − 2 ሶ𝜃1 ሶ𝜃2 𝐿2𝑠12 − ሶ𝜃2

2
𝐿2𝑠12

𝑎3 𝑥

𝑎3 𝑦

=
− 𝐿1𝑠1 + 𝐿2𝑠12 −𝐿2𝑠12
𝐿1𝑐1 + 𝐿2𝑐12 𝐿2𝑐12

ሷ𝜃1
ሷ𝜃2

+
− 𝐿1𝑐1 + 𝐿2𝑐12 −𝐿2𝑐12
− 𝐿1𝑠1 + 𝐿2𝑠12 −𝐿2𝑠12

ሶ𝜃1
2

ሶ𝜃2
2

+
−2𝐿2𝑐12
−2𝐿2𝑠12

ሶ𝜃1 ሶ𝜃2
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For more details on this subject, please see: 

- Introduction to Robotics: Mechanics and Control, by John J. Craig, 
3rd Edition, Addison-Wesley Publishing Company, 2003.

Link Acceleration


