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Inverse Kinematics

Example:

For the planar 2DOF RR robotic arm
shown in the figure, find the values of
6, and 6, required to accomplish a
desired end-effector position x and y.
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Inverse Kinematics

The transformation matrix
describing the position and
orientation of frame {3} with
respect to frame {0} can be
represented as:

C@ —SQ 0 x-
y

OT — S@ C@ 0
[3T] S 9 10
0 0 o 1
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Inverse Kinematics
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Inverse Kinematics

[3T] = [ITI[ZTIIST]
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Trigonometric Identities:
cos(a+ b) = cyp = €4Cp — SaSp
cos(a — b) = cycp + 5,55

sin(a + b) = s, = S,Cp + C4Sp
sin(a — b) = s ¢, — C4Sp
Sg2te2=1
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Inverse Kinematics
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Cgp = C12
Sp = S12
X = C12L2 + C1L1
Yy = S12Ly + 5114
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Inverse Kinematics

o B (1)
S R (2)
X = C12L2 + C1L1 """""""" (3)
y = S12Ly + 51Lq -----mmmee- (4)

[Eqn(3)]* + [Eqn(4)]?:

x% +y% = (c12Ly + c1L1)* + (S12L5 + 51L1)?

x2 + yZ = C122L22 + 2C12L2C1L1 + C12L12 + 5122L22 + 2512L251L1 + Slle

X3

xz + y2 = (C122 + 5122)L22 + (Clz + Slz)le + 2C12L2C1L1 + 2512L2$1L1

xz + y2 = LZZ + L12 + 2(C12C1 + Slzsl)Lle

x2 + yZ — L12 + Lzz + 2L1L2C2

Trigonometric Identities:
cos(a+ b) = cyp = CaCp — SaSp
cos(a — b) = c,cp + 5,55

sin(a + b) = s, = S,Cp + C3Sp
sin(a — b) = s,cp — C4Sp
Sg2tc2=1
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Inverse Kinematics

xz + yZ = L12 + L22 + 2L1L2C2

c :x2+y2_L12—L22
2 2L,L,

C22 +522 =1

S, = +4/1 —c,% ; = two solutions

S
tan(0,) = 2z
C2

6, = Atan2 (5—2)

C2
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Inverse Kinematics

Command Win

»>» help atan T .
atan Inverse tangent, result in radians. X= |Inspace(0,360,360),

atan(X) is the arctangent of the elements of X. y = tand(x);

plot (x,y,'Linewidth',6)

xlim([0 360])

ylim([-3 3])

xticks([0 45 90 135 180 225 270 315 360])
title('tan function', 'FontSize', 18)

See also atan2, tan, atand, atanid.

Beference page for atan

Cther functions named atan

»>» help atand
atand Inverse tangent, result in degrees.

atand(X) is the inverse tangent, expressed in degrees, XIabeI(IAnglel, 'FontSize', 18)
f thi 1 f X. a
°f TAS siements © ylabel('Value', 'FontSize', 18)
Class support for input X: set(gca,'FontSize',18)

float: doubkle, single

grid on

See also tand, atan2d, atan.

Eeference page for atand tanfunction
T
Cther functions named atand

>» help atanad
atan?d Four guadrant inverse tangent, result in degrees.
atan2d (¥, X) is the four guadrant arctangent of the elements of X and ¥

such that -180 <= atan2d(Y,X) <= 180. X and Y must have compatikle o
gizes. In the simplest cases, they can ke the same size or one can be a b 0
scalar. Two inputs have compatikble sizes 1f, for every dimension, the
dimension sizes of the inputs are either the same or one of them is 1. A
See also atand, atanZ. 2~
REeference page for atan3d 3 45 %0 270
Other functions named atan2d Angle
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Inverse Kinematics

X3

2 2 2 2
x“+y“—L1“—L S
c,=21Y "1 "2 .. =+4+./1—-1c¢,%2;60, = Atan2 (=
2 y 92 - 2 Y2
2L1L2 CZ

Now, after finding 8,, to find 6,
From Eqn (3): x = ¢qoL, + ¢1L4

x = (¢c1¢y — S1Sy)L, + ¢1L4

X =CCyLy, —5,5,L, + C1Lq

x = (czLy + Ly)cy — (szL3)s4

let Ky = ¢,L, + Ly and K, = s,L,
x =Kic1 — Kr54

From Eqn (4): y = sqoL, + 5114
x = (sic, + ¢18,)L, + 5114

X = S1CyLy, + ¢ySoLy + 5:L4

x = (szLz)cq + (c2Ly + Ly)s,
y = Kzc1 + K159

Sp = S1z (2)

Yy = S1pLy +51L1 - (4)

Trigonometric Identities:
cos(a+ b) = cyp = C3Cp — SaSp
cos(a — b) = c,cp + 5,5

sin(a + b) = s, = S,Cp + C3Sp
sin(a — b) = s ¢, — C4Sp
Sg2tc2=1
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Inverse Kinematics

2,2 1 2 g 2
C, = X +y2L1L£2 L2 ;S = i\/ 1-— C22 ; 02 = Atan2 (i_z)
Kl = Csz + Ll and Kz = Ssz

X = chl - K251
y = Kzc1 + Ki59

To solve these two non-algebraic equations,

Let v = /(K;)2 + (K;)? and

— Atan2 K,
y = Atan K,

Then: K; =rc, ;

K, =rs,
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Inverse Kinematics

2 02 7 2_5 2
C, = X +y2L1£2 2 ;S = i\/ 1-— C22 ; 02 = Atan2 (i_z)
Kl = C2L2 + Ll and Kz = SZLZ

r = (K)? + (K;)?; y = Atan2 (g—i)

Substitute: K; =rc, and K, =7rs, in
x=Kicqi —Kys; and y=K,c; +K;sq

To give

X
X =7C,C; — 75,5 = - = cos(6; +y)
y =715,¢1 + 10,8, 2 % = sin(6; +vy)

tan(91 + )/) — %

X3

Trigonometric Identities:
cos(a+ b) = cyp = C3Cp — SaSp
cos(a — b) = c,cp + 5,5

sin(a + b) = s, = S,Cp + C3Sp
sin(a — b) = s ¢, — C4Sp
Sg2tc2=1
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Inverse Kinematics

_ x2+y2—L12—L22

el — _ 2.0 — 52
Cy = 21l ; Sy =+ 1 —0cy%; 0, = Atan2 (c2)

Kl = C2L2 + Ll and Kz = SZLZ
K
r=4(K)?+ (K,)?% y = Atan2 (K_i)

tan(91 + )/) — %
_ 4

f, +y = Atan z(x)
6, = Atan2 (%) y

K
6, = Atan2 (%) Atan2 <?2>

1
y S2L

6, = Atan2 (;) Atan2 <C2L2 n L1>
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Inverse Kinematics

x2+y2—L12—L22.
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Inverse Kinematics

Example:

For the planar 2DOF RR robotic arm
shown in the figure, find the values of
6, and 6, required to accomplish a
desired end-effector position

x =-—112cm and y = 24.52 cm.

Note that:

L =25cm and L, = 20 cm
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Inverse Kinematics

X2 +y*—L" — LY (—1.12)%* 4 (24.52)? — (25)% — (20)?

S, = ++/1 — ;2 = +4/1 — (—0.4225 )2 = +0.9064

S2
92 = AtanZ <_>
Co

2L,L, 2(25)(20)

= —0.4225

>> atan2d (+0.9064,-0.4225)

ans =

114.5991&

>> atan2d (-0.9064,-0.4225)

ans =

+0.9064 —0.9064 o
0, = AtanZ (—0.4225 ) or 0, = AtanZ (—0.4225 )
6, = 115° or  0,=245° (= —115° 4+ 360°)
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Inverse Kinematics

o xP4yi— L% - LY (—1.12)% 4 (24.52)% — (25)% — (20)?

2 = 20,1,

Note: 8, = Acos(—0.4225) = 115°

2(25)(20)

Sy = ++/1 — ;2 = +4/1 — (—0.4225 )2 = +0.9064

—0.4225

Note: 8, = Asin(0.9064 ) = 65° or 0, = Asin(—0.9064 ) = —65°
Note: 6, = Atan (i—z)
2
+0.9064 —0.9064 sin All
0, = Atan (—0.4225 ) or 6, = Atan (—0.4225 )
02 - _650 or 02 - 650
tan cos
S2
6, = Atan2 (—)
Co
+0.9064 ~0.9064
0, = Atanz (—0.4225 ) or 6, = Atanz (—0.4225 )

0, = 115° (= —65° +180°) or

0, = 245° (= 65° + 180°)
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Inverse Kinematics

C2L2+L1
92 — 1150:
24.52 20 sin(115
0, = AtanZ( ) - AtanZ( Sin(115) ) = 45°
—-1.12 20 cos 115+25
or
02 —_ 2450
24.52 20 sin(245
6, = Atan2 (222) — Atan2 (202 ) = 1409
-1.12 20 cos 245+25
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Example: Perform the inverse kinematics analysis for the
planar 2 DOF RP robotic arm show in the figure?
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Forward Kinematics

Forward Kinematics:

1] -

[5T] =

Coi —Sgi
SeiCai-1 CoiCai-1
SeiSai-1  CPiSai-1

0 0
ci, —s; 0 0
s;, ¢ 00
o o 1 0
O 0 0 1
1 0 O 0 ]
0 0 —1 —dy
0O 1 O 0
0 0 O 1 |
1 0 0 O]

0o 10 O
0 0 1 L
0 0 0 1|

0
—Sai-1
Cai-1

0

Ai-1 X3
—d;Sqi-1 . Z3
diCai-1 w2

1 d2 Y,
Ly
i a1 | @1 d; 0;
1 0 0 0,
2 90 d, 0
3 0 L,
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Forward Kinematics

c;, —s; 0 O0]f1 0 O
Offo 0 -1

OT — |51 C1 0
[5T] o 0o 1 O0flo 1 o0
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C1 0 S1 szl 1 O
[OT] — S1 0 —Cq _d2C1 0 1
3 0 1 0 0o [lo o

0 0 O 1 0 O

C1 0 S1 Lle + szl |
[OT] _1!s1 0 — —Lyc1 —daey
: 0 1 0 0

0 0 O 1

o O O
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Forward Kinematics

Forward Kinematics:

¢, 0 s;  (Ly+dy)sy ]
[gT] — S1 0 —C1 —(Lz + dZ)Cl

O 1 O 0 !
. 2
0 0 0 T 2
Z3
. X2
d, ;
Ly
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Inverse Kinematics:

C1 0 S1

0 s, 0 —c
T = |51 1
[3T] " 1 o
0 0O O

Compare with:

711 T2 T3
[gT] _ |T21 T2z T23
31 7132 133

O 0 O

y=—(L,+dy)c

Inverse Kinematics

(L +d3)sy
—(Ly + d3)cq
0

1 ]

NSRS
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Inverse Kinematics

x = (L, +dy)s; (1)
y =—(L, +dy)cq (2)

Divide Egn (1) by Eqn (2):

X _ (LZ + dZ)Sl
-y (L +dy)q

X
— = tan(6,)
X
6, = Atan2 | —
—Y
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Inverse Kinematics

=
|

= (L +d3)s;
—(Ly +dy)cq

=
|

x\ |
6, = Atan2|{— | 1

(1)
(2)
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Inverse Kinematics

For more details on this subject, please see:

- Introduction to Robotics: Mechanics and Control, by John J. Craig,
3rd Edition, Addison-Wesley Publishing Company, 2003.

- M. Farman, M. Al-Shaibah, Z. Aoraiath, and F. Jarrar, “Design of a
three degrees of freedom robotic arm,” International Journal of
Computer Applications, vol. 179(37), pp. 12-17, 2018.
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