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Static Forces and Torques

Question: How to find the joint forces
or torques required to keep the
robotic arm in static equilibrium?

|f;] : the force acting on joint (i) by link (i — 1)
|fi+1] : the force acting on joint (i + 1) by link (7).

n;] : the moment acting on joint (i) by link (i — 1)

Nn;+1] : the moment acting on joint (i + 1) by link (7).
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Static Forces and Torques

Static Forces:

Note: The weight of the link is neglected.

Introduction to Robotics www.firasjarrar.com
Dr. Firas Jarrar | 2020 YouTube: Dr. Firas Jarrar




Static Forces and Torques

Static Moments:

L o Triet - - 1
i lni_ — _i+1lR_ _l Nitq| + _l i+1 | X i+1lR][l fi+1]

V. . - T- - - -======-=-=""
L _ i +1 i l I
o] = iRl ] P | X fi]

Introduction to Robotics www.firasjarrar.com
Dr. Firas Jarrar | 2020 YouTube: Dr. Firas Jarrar




Static Forces and Torques

il = [isaR] [ fi]

] = [iaRI[ ] + [P X [ A

For a revolute joint, the actuator torque is:

=[], ] =[]’ E]

For a prismatic Jomt the actuator force is: fi /7 R

o e 0T
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Static Forces and Torques

Example:

For the planar 2 DOF RR robotic arm,
calculate the static torques required
for each joint motor? Assume that
the end-effector is subjected to a

planar force vector, F.
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Static Forces and Torques

Fori=2:

| °f2] = 3RI[ °f]
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Static Forces and Torques

FCB
| “f2] = |Fsp
0

Fori=2:

[ 2"2] = [%R][ 3"3] + [2P5] X

1 0 O
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For a revolute joint: 7; = —[ nl-] O

For a prismatic joint: 7; = [ ]
0 -—a,
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Static Forces and Torques

FCB 0
[Zfz] = |Fsg| , [an] = 0
0 LzFSB
Fori=2:
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Static Forces and Torques

FC[; 0
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0 LZFSB
Fori=1:

[ *A] = GRI[ *f3]
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Static Forces and Torques

-FCB 0
[ *fo] = |Fsg|.[*n2] =| O
i 0 LZFSB
[F cos(fB + 6,)
[ 1f1] = |Fsin(B + 6,)
i 0
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Static Forces and Torques

[ lfl] = [i+1iR][i+1fi+1]

i 0 L ip][t i i
[f2] = Fgﬁ [ Pne] = l : ] T, = —L,Fsp | ] = [T s + [Piea | < [ A
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For a revolute joint: 7; = —[ lni]T [O]
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[ '] = Fsin(B + 9,)
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Static Forces and Torques

Fc 0
[ Zfz] FSB [ le] Ty = —L2F53
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Static Forces and Torques

[Tl _ [L152 (L1C2 + Lz) Feg
FSﬂ X3
Fel
Compare to
Y3
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Static Forces and Torques

D17 °f:] =25 | °fz] = 3R] °f3]

Or@,] _ [—(L1S1 + L3512) —L2512] [91]
Y3 (Licr + Laciz)  Lacqz 10,

o[y, ] = —(L1S1 + Lysq3) —L2512]
v (Licy + Lycqy) Lycy,
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Static Forces and Torques

O[Iv]T[ 0f3] =

O[Iv]T[ 0f3] =

O[Iv]T[ 0f3] =F

O[Iv]T[ 0f3] =F

O[IU]T[ 0f3] =F

O[IU]T[ 0f3] =F

O[IU]T[ 0f3] =

[—(LyS; + Lysyp) (Licg + chlz)] [F cos(f + 61 + 6;)

_Lzslz L2C12 FSln(ﬂ + 01 + 02)

o,17[ °fs] = [—(L1S1 + LySqp)F cos(fB + 61 + 6,) + (Licy + Lycyp)F sin(f + 6, + 92)]

_Lzsle COS(B + 91 + 92) + L2C12F Sin(ﬂ + 91 + 92)

F (—(Lys1 + L2512)(Cﬁc12 - 53512) + (L1c1 + Lycy) (SﬁC12 + C3512)]
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[(—(LyS1 + Lysip)cqp + (Lycg + Lyci2)s12)c8 + ((L1S1 + L3812)812 + (L1cy + L2C12)C12)5/3]
(—L3512€12 + Lyci2812)cp + (L2S12512 + LaCi2€12)Sp

[(—LyS1¢12 + L1C1S12 — LpS12C12 + LpCip512)¢p + (LyS1S12 + LiciCiz + LySi2812 + ch12C12)Sﬁ]

(—L3512€12 + Lyci2812)cp + (LS12512 + LaC12612)Sp

[(L152)cp + (Licy + Lz)SB]
(0)cg + (L2)sp

LisyFeg + (Lycy + L)Fsg|  [Lys, (Lycy + Ly)
L, _[ 152 (g 2 2 ] Fep = 30,07 *f]

Introduction to Robotics www.firasjarrar.com
Dr. Firas Jarrar | 2020 YouTube: Dr. Firas Jarrar




Static Forces and Torques

Which one is better to use:

[e] = =" 0,17 [ fasa )

Or

[t] = — O[Iv]T[ 0fn+1]

27
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Static Forces and Torques

If F is constant in frame {0}, such as in the case of the weight of the
payload, then use [1] = — 0[]v]T[ Ofn+1].

Introduction to Robotics www.firasjarrar.com
Dr. Firas Jarrar | 2020 YouTube: Dr. Firas Jarrar




Static Forces and Torques

Example:

For the planar 2 DOF RR robotic
arm, calculate the static torques
required for each joint motor?
Assume that the weight of the
payload is W.
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Static Forces and Torques

[t] = — O[]v]T[ 0f3]

[Tll _ _[~(L1s1 + Lpsi2) _L2512]T[ 0 ]
(Lic1 + Lycqp) Lyciy —-W

[Tll _ [—(L1S1 t Lys12)  (Lacy + Lacyz) [ 0 ]
T2 —L351; Laciz

71 = (Lic1 + Lyci))W

Ty, = Lyc W
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Static Forces and Torques

7] = — B[Iv]T[ 3f3] x5 91§+ 0
[T1] _ [ Lis 0 ]T Fcg
Ty L1C2 + L2 L2 FSﬁ
[TI _ _ [L]_Sz (L]_CZ + Lz)] [ —-W Sln(91 + 92)

W cos(8; + 6,)

=270—- (6 6
[T1 o [Llsz (Llcz + LZ)] [ Wslzl p (61 +02)
- WC12

T1 = L152W512 + (L1C2 + LZ)WC12

Ty = (L1S2812 + Licycip + Lycyp))W

Ty = (L1(82812 + €3¢12) + L)W = (Lycy + Lycp))W
Ty = L2C12W
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Static Forces and Torques

(Licy + Lycy))W

ﬂ
=
|

Ty = Lyci oW
The cosine has a maximum value of 1 when 8 = 0
When both 8; = 0 and 8, = 0 (fully extended and horizonal),

T1,max — (Ll + LZ)W

(L)W

T2 max

These can be used for motor selection.
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Static Forces and Torques

Example:

For the planar 2 DOF RP robotic
arm, calculate the static torque
required for joint (1) and the
static force required for joint (2)?
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Static Forces and Torques

[Tl _ [(dz + LZ)FC[;]
2

7y = —(dy + Ly)Fcg
Ty = —Fs B
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Static Forces and Torques

For more details on this subject, please see:

- Introduction to Robotics: Mechanics and Control, by John J. Craig,
3rd Edition, Addison-Wesley Publishing Company, 2003.

Introduction to Robotics www.firasjarrar.com
Dr. Firas Jarrar | 2020 YouTube: Dr. Firas Jarrar




