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Question: How to find the velocity of a certain link in a

robotic arm?

- The linear velocity (𝑣) of the

origin of the frame attached to

that link, and

- The rotational velocity of the

link (𝜔)

Link (𝑖)
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Assume that you have two particles (A) and (B):

ref𝑟𝐵 = ref𝑟𝐴 + 𝑖
ref𝑅 𝑖𝑟𝐵/𝐴

Take the derivative of both sides with respect to (𝑡)

ref𝑣𝐵 = ref𝑣𝐴 + 𝑆(ref𝜔𝑖) 𝑖
ref𝑅 𝑖𝑟𝐵/𝐴 + 𝑖

ref𝑅 𝑖𝑣𝐵/𝐴

--------------------------------
Note:

𝑑[𝑅]

𝑑𝑡
= 𝑆 𝜔 𝑅

𝑆 𝜔 → A skew-symmetric matrix which takes the following form:

𝑆 𝜔 =

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0
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ref𝑣𝐵 = ref𝑣𝐴 + 𝑆(ref𝜔𝑖) 𝑖
ref𝑅 𝑖𝑟𝐵/𝐴 + 𝑖

ref𝑅 𝑖𝑣𝐵/𝐴

If both frames {ref} and 𝑖 are coincident at this instant in time:

𝑖𝑣𝐵 = 𝑖𝑣𝐴 + 𝑆(𝑖𝜔𝑖) 𝑖
𝑖𝑅 𝑖𝑟𝐵/𝐴 + 𝑖

𝑖𝑅 𝑖𝑣𝐵/𝐴

Note: 𝑖
𝑖𝑅 = 𝐼

𝑖𝑣𝐵 = 𝑖𝑣𝐴 + 𝑆(𝑖𝜔𝑖)
𝑖𝑟𝐵/𝐴 + 𝑖𝑣𝐵/𝐴
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𝑖𝑣𝐵 = 𝑖𝑣𝐴 + 𝑆(𝑖𝜔𝑖)
𝑖𝑟𝐵/𝐴 + 𝑖𝑣𝐵/𝐴

Applied to a link in the robotic arm:

Particle 𝐴 → origin of 𝑖

Particle 𝐵 → origin of 𝑖 + 1

𝑖𝑟𝐵/𝐴 → 𝑖𝑃𝑖+1

If joint (𝑖 + 1) is a revolute joint: 𝑖𝑣𝐵/𝐴 = 0

𝑖𝑣𝑖+1 = 𝑖𝑣𝑖 + 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

Link (𝑖)
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𝑖𝑣𝑖+1 = 𝑖𝑣𝑖 + 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1

Pre-multiply both sides by 𝒊
𝒊+𝟏𝑹 :

𝒊
𝒊+𝟏𝑹 𝑖𝑣𝑖+1 = 𝒊

𝒊+𝟏𝑹 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖
𝑖𝑃𝑖+1

𝑖+1𝑣𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖

𝑖𝑃𝑖+1

Link (𝑖)
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𝑖𝑣𝐵 = 𝑖𝑣𝐴 + 𝑆(𝑖𝜔𝑖)
𝑖𝑟𝐵/𝐴 + 𝑖𝑣𝐵/𝐴

Particle 𝐴 → origin of 𝑖

Particle 𝐵 → origin of 𝑖 + 1

𝑖𝑟𝐵/𝐴 → 𝑖𝑃𝑖+1

If joint (𝑖 + 1) is a prismatic joint:

𝑖𝑣𝑖+1 = 𝑖𝑣𝑖 + 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1 + 𝑖+1

𝑖𝑅

𝑖+1 0
0
ሶ𝑑

Link (𝑖)



𝑖𝑣𝑖+1 = 𝑖𝑣𝑖 + 𝑆(𝑖𝜔𝑖)
𝑖𝑃𝑖+1 + 𝑖+1

𝑖𝑅

𝑖+1 0
0
ሶ𝑑

Pre-multiply both sides by 𝒊
𝒊+𝟏𝑹 :

𝒊
𝒊+𝟏𝑹 𝑖𝑣𝑖+1 = 𝒊

𝒊+𝟏𝑹 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖
𝑖𝑃𝑖+1 + 𝒊

𝒊+𝟏𝑹 𝑖+1
𝑖𝑅

𝑖+1 0
0
ሶ𝑑

𝑖+1𝑣𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖

𝑖𝑃𝑖+1 +

𝑖+1 0
0
ሶ𝑑
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Link (𝑖)
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Link (𝑖)

Summary of linear velocity:

If joint (𝑖 + 1) is a revolute joint:

𝑖+1𝑣𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖

𝑖𝑃𝑖+1

If joint (𝑖 + 1) is a prismatic joint:

𝑖+1𝑣𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝑣𝑖 + 𝑆 𝑖𝜔𝑖

𝑖𝑃𝑖+1 +

𝑖+1
0
0
ሶ𝑑𝑖+1



Angular velocity:

If joint (𝑖 + 1) is a revolute joint:

angular
velocity

of link (i + 1)
=

angular
velocity
of link (i)

+

the rotational
velocity of
joint (i + 1)

𝑖𝜔𝑖+1 = 𝑖𝜔𝑖 + 𝑖+1
𝑖𝑅

𝑖+1 0
0
ሶ𝜃𝑖+1
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Link (𝑖)
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Link (𝑖)𝑖𝜔𝑖+1 = 𝑖𝜔𝑖 + 𝑖+1
𝑖𝑅

𝑖+1 0
0
ሶ𝜃𝑖+1

Pre-multiply both sides by 𝑖
𝑖+1𝑅 :

𝑖
𝑖+1𝑅 𝑖𝜔𝑖+1 = 𝑖

𝑖+1𝑅 𝑖𝜔𝑖 + 𝑖
𝑖+1𝑅 𝑖+1

𝑖𝑅

𝑖+1 0
0
ሶ𝜃𝑖+1

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1
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Link (𝑖)

If joint (𝑖 + 1) is a prismatic joint:

angular velocity
of link (i + 1)

=
angular velocity

of link (i)

𝑖𝜔𝑖+1 = 𝑖𝜔𝑖

Pre-multiply both sides by 𝒊
𝒊+𝟏𝑹 :

𝒊
𝒊+𝟏𝑹 𝑖𝜔𝑖+1 = 𝒊

𝒊+𝟏𝑹 𝑖𝜔𝑖

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖
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Link (𝑖)

Summary of angular velocity:

If joint (𝑖 + 1) is a revolute joint:

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖 +

𝑖+1 0
0
ሶ𝜃𝑖+1

If joint (𝑖 + 1) is a prismatic joint:

𝑖+1𝜔𝑖+1 = 𝑖
𝑖+1𝑅 𝑖𝜔𝑖
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For more details on this subject, please see: 

- Introduction to Robotics: Mechanics and Control, by John J. Craig, 
3rd Edition, Addison-Wesley Publishing Company, 2003.
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